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oueslati@univ-lille1.fr (A. Oueslati), gery.desaxce@unThis paper is concerned with the elastic plastic response of a two-bar system with temperature-depen-
dent elastic coefﬁcients under cyclic thermomechanical loadings. Such materials are characterized by
lack of results concerning the asymptotic behaviors and conditions for shakedown occurrence. This study
shows that the considered simple structure is sufﬁciently complex to experience different periodic
long-term behaviors as in classical elastoplasticity. In order to understand how Melan–Koiter method
works for such materials, the evolution of the structure’s response until the stabilization of the plastic
strain (‘shakedown’) or the asymptotic dissipative behavior (‘alternating plasticity’ or ‘ratcheting’) is
analytically addressed and the Bree diagram is then constructed. The main result of this work is that
the residual stress and strain ﬁelds are time-dependent even when shakedown occurs. Besides, we
proved that Halphen’s conjecture (Halphen, 2005) giving a sufﬁcient condition for shakedown occurrence
is not a necessary condition. Finally, numerical results performed by an incremental ﬁnite element
procedure are presented.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Mechanical structures are often subjected to combinations of
repeated or random loads and temperature variations and exhibit
very complex inelastic behaviors. When the path loading is cyclic,
it is well known that the asymptotic state is periodic and may be a
shakedown or an alternating plasticity (plastic shakedown) or a
ratchetting (Halphen, 1979; Wesfreid, 1980). Recall that shake-
down expresses the fact that the macroscopic behavior of the solid
becomes again purely elastic after the occurrence of the plastic
deformations during the ﬁrst cycles, which is beneﬁcial for its
strength with respect to fatigue. For this reason shakedown is al-
ways associated with polycyclic fatigue (Constantinescu et al.,
2003). It is thus interesting to establish theorems allowing to char-
acterize this stabilized asymptotic state. This goal was the subject
of intensive researches started with the pioneering works of Bleich
(1932), Melan (1936, 1938) and Koiter (1960) and continue to at-
tract attention of researchers. During the last decades, many exten-
sions of the static and kinematic shakedown theorems to diverse
and complicated constitutive material behaviors have been derived
(Nguyen, 2003; Corigliano et al., 1995; Krabbenhoft et al., 2007;
Maier, 2001; Pham, 2008).ll rights reserved.
fr (S. Hasbroucq), abdelbacet.
iv-lille1.fr (G. de Saxcé).It must be noted that classical Melan–Koiter shakedown theo-
rems and their extensions rest on the assumption that elastic
modulus are independent of the temperature. This is reasonable
for thermal loading of low amplitude. However, in many indus-
trial domains, for example in boilers of nuclear power plants or
in airplane and offshore structures and automotive motors, the
structural elements are subjected to thermal cycles of large
amplitude in such way that the dependence of the elastic coefﬁ-
cients with respect to the temperature cannot be neglected. The
case for which the yield stress depend on the temperature is well
understood (Prager, 1956; Borino, 2000) and many numerical
algorithms where proposed for its resolution (Khôi Vu and Staat,
2007). However, when the compliance elastic tensor is tempera-
ture-dependent, the question of convergence of the elastic plastic
evolution to a periodic asymptotic state remains open. Recently,
Halphen (2005) established the differential inclusion governing
the evolution of the residual stress ﬁeld for material with temper-
ature-elastic coefﬁcients but no solutions were derived. Besides,
to our best knowledge, only one static shakedown theorem in this
ﬁeld was proposed by König (1968). Nevertheless, a key point in
the proposed proof is questionable and not convincing.
In the present work we study analytically and numerically the
elastic plastic evolution of a simple mechanical system in order
to characterize the stabilized asymptotic states. The primary moti-
vation is the extension of the Melan–Koiter shakedown theorems
to materials with temperature-dependent coefﬁcients.
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Fig. 1. The two-bar problem.
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This section presents the differential inclusion governing the
stress ﬁeld evolution for elastic perfectly plastic materials with
temperature-dependent elastic coefﬁcients and derived in (Hal-
phen, 2005).
Consider an elastic perfectly plastic material occupying a vol-
ume X of the space with a smooth boundary oX. The elastic coef-
ﬁcients are temperature-dependent. This solidX is loaded by given
body forces Fv(t) in X, a prescribed displacement ud(t) on Cu, sur-
face tractions Td(t) on CT (Cu [ CT = oX,Cu \ CT = ;) and a temper-
ature variation h(t).
Let (r(t),e(t),u(t)) denote the quasistatic elastic–plastic re-
sponse to the path loading and let (rE(t),eE(t),uE(t)) be the ﬁctitious
purely thermoelastic response under the same thermomechanical
loads.
Within the framework of the inﬁnitesimal transformation, the
strain ﬁeld is additively split into elastic, thermal and plastic parts
eðtÞ ¼ eeðtÞ þ ehðtÞ þ epðtÞ ð1Þ
where elastic strains are related to the stresses through Hooke’s law
ee(t) = S(h(t)):r(t) (S is the fourth order elastic compliance tensor)
and the thermal strain is given for isotropic behavior by eh(t) = ah(t)
I (a is the coefﬁcient of linear thermal expansion and I denotes the
identity tensor).
The associated ﬂow rule ensures that plastic strain rate obeys to
the normality law
_ep ¼ _k @f
@r
ðr; hðtÞÞ; _kP 0; _kf ¼ 0 ð2Þ
where f(r,h) stands for the plasticity yield function and _k denotes
the plastic multiplier.
By deﬁnition, the residual stress ﬁeld is given by
qðtÞ ¼ rðtÞ  rEðtÞ ð3Þ
Notice that q is the stress ﬁeld subsisting in the structure after com-
plete elastic unloading of X.
In the same manner, one can introduce the residual strain ﬁeld
as follows
gðtÞ ¼ eðtÞ  eEðtÞ ¼ S hðtÞð Þ : qðtÞ þ epðtÞ ¼ geðtÞ þ epðtÞ ð4Þ
where ge(t) is called the elastic residual strain ﬁeld.
From the virtual power principle one getsZ
X
ðr erÞ : _edX ¼ Z
X
ðr erÞ : _eE dXer ð5Þ
for any plastically admissible stress tensor er.
Using relation (4) it becomesZ
X
ðr erÞ : d
dt
SðhÞ : rð Þ þ _ep
 
dX
¼
Z
X
ðr erÞ : d
dt
SðhÞ : rE  dX ð6Þ
By use of the normality rule (2) we haveZ
X
ðr erÞ : d
dt
SðhÞ : rð Þ
 
dX 6
Z
X
ðr erÞ
:
d
dt
SðhÞ : rE  dX ð7Þ
In the convex analysis theory, the last inequality (7) is equivalent to
 d
dt
ðSðhðtÞÞ : rðtÞÞ 2 @wKðtÞðrðtÞ 
d
dt
ðSðhðtÞÞ : rEðtÞÞ ð8Þ
where @wK(t)(r) is the subgradient at the point r of the indicator
function wK(t) of the convex set K(t) of statically and plasticallyadmissible ﬁelds at time t, with respect of the following scalar prod-
uct of two second order tensor ﬁelds ha : bi ¼ RX a : bdX.
By introducing the residual stress ﬁeld q we may write
 d
dt
ðSðhðtÞÞ : qðtÞÞ 2 @wK0ðtÞðqðtÞÞ ð9Þ
in which K0(t) = K(t)  rE denotes the convex of the residual stress
ﬁeld eq, such that rE þ eq is statically and plastically admissible at
time t.
Compared to the case when the elastic coefﬁcients are constant
there are two modiﬁcations: (i) the scalar product which is used is
not deﬁned by the elastic energy and (ii) the elastic compliance ap-
pears in Eq. (9). No rigorous mathematical study concerning the
solutions of this differential inclusion is available in the literature.
Concerning the asymptotic behavior and basing on the relation
equation (9), Halphen and di Domizio (2005) proposed the follow-
ing conjecture giving sufﬁcient condition for shakedown:
If there exists a residual stress ﬁeld qðtÞ, a scalar m > 1 such that
 ge ¼ SðhðtÞÞ : qðtÞ is time independent and
 f ðmrðtÞÞ ¼ f ðmðrEðtÞ þ qðtÞÞÞ 6 0
anywhere and at any time t, then shakedown occurs for any initial
condition.
These proposed conditions were checked through elementary
numerical examples (di Domezio, 2005; Halphen and di Domizio,
2005). In a recent workshop, we have discussed some features re-
lated to Halphen’s conjecture (Oueslati and de Saxcé, 2009). Never-
theless, this work contained unresolved points. The present paper
solves and clariﬁes some of them.
3. Description of the problem
Consider a simple mechanical system composed of two parallel
bars of cross-sections S and S/2 and lengths L and L/2 as shown in
Fig. 1. The bars are built-in at one extremity and linked to a rigid
bloc at the other one so that the assemblage is constraint to deform
only in the horizontal direction. The bars are made of an elastic
perfectly plastic material. The elastic coefﬁcients are taken con-
stant except the Young modulus E1 and the yield stress ry1 of bar
]1 which depend on the temperature as follows
E1ðhÞ ¼ E0  kh ð10Þ
ry1ðhÞ ¼ ry0  k2h ð11Þ
where k and k2 are material constants and h is the temperature ﬁeld.
Table 1
Elastic response.
Middle of a cycle End of a cycle
eP1 0 0
rT
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E2 = E0 and ry2 = ry0 respectively.
This structure is subjected to a constant force F applied to the
rigid support, bar ]1 next heated and cooled according a cyclic tem-
perature variation within [h0,h0 + Ds] (Fig. 2) while bar ]2 is main-
tained at a constant temperature h0. Without loss of generality and
for seek of simplicity we suppose that h0 = 0.
The study of the problem is carried out within the framework of
the inﬁnitesimal transformation. Furthermore, we assume that the
initial state coincides with a null strain.
The rigid bloc imposes the same axial displacement for the bars
which results in the following relation
e1 ¼ 2e2 ð12Þ
where e1 and e2 are the axial strain components in the bar ]1 and
bar ]2 respectively.
By use of Hooke’s law, Eq. (12) becomes
r1
E1ðhÞ þ e
p
1 þ ah ¼ 2
r2
E2
þ 2ep2 ð13Þ
where r1 and r2 are the stresses, ep1 and e
p
2 are the plastic strain in
the bars, a is the coefﬁcient of linear thermal expansion and h is the
temperature variation.
The equilibrium of the mechanical system writes
r1
2
þ r2 ¼ FS ð14Þ
Eqs. (13) and (14) allows a complete investigation of all possible
structure’s responses.
At any instant, the stresses r1 and r2 are given by
r1 ¼ 1þ 11khE0
 1
2 FS  aE0hþ 2E0 eP2 
eP1
2
 h i
r2 ¼ 1þ 11khE0
 1
F
S
1khE0
þ aE0h2  E0 eP2 
eP1
2
  	
8>><
>>: ð15Þ
It is useful to introduce the stress rT ¼ E0aDs2 associated to the tem-
perature variation, the mechanical stress rA ¼ FS and the non-dimen-
sional constants A ¼ kry0
aE20
and B ¼ k2E0a. We shall adopt the classical
Bree (or Miller) diagram representation with axis rA/ry0 and rT/ry0.
r1 ðrArT Þð12Ary0Þ
1A rTry0
rA
eP2 0 0
r2 ðrAþrT2Að rTry0Þ
2ry0Þ
22A rTry0
rA
24. Asymptotic responses
Depending on the amplitude of the given loads, the two-bar sys-
tem exhibit the four known long-term behaviors, namely purelyTemperature
θ0
Δτ
b
bar #
Fig. 2. Cyclic thelastic response, shakedown, alternating plasticity and incremen-
tal collapse.4.1. Elastic behavior
For sufﬁciently small external loads, the bars are in an elastic
state. The stresses are easily obtained from Eq. (15) by setting
epi ¼ 0 ði ¼ 1;2Þ
r1 ¼ 1þ 11khE0
 1
ð2rA  aE0hÞ
r2 ¼ 1þ 11khE0
 1
rA
1khE0
þ aE0h2
 	
8>><
>>: ð16Þ
The limiting values of stresses corresponding to the middle and the
end of cycles for which respectively h = Ds and h = 0 are summa-
rized in Table 1.
Plastic strains appear in the structure as soon as stresses reach
the yield limits. This may arise in different cases: r1P ry1 and
r2 6 ry2 at the middle of the cycle or r1 6 ry1 at the end of the ﬁrst
cycle
ðrA  rTÞ 1 2A rTry0
 
P ry0 1 A rTry0
 
1 2B rT
ry0
 
ð17Þ
rA þ rT  2A rTry0
 2
ry0 6 2ry0 1 A rTry0
 
ð18Þ
rA 6 ry0 ð19Þ
Inequalities (17)–(19) deﬁne the elastic domain in the Bree diagram
as shown in Fig. 3 for some values given in Table 10.
Note that for A = 0 and B = 0, the classical conditions corre-
sponding to constant Young’s moduli are found.Time
ar #1
2
ermal load.
Table 3
Shakedown (SD2).
Middle of a cycle End of a cycle
eP1 0
r1 2(rA  ry0)
 2ry0ð1þ2AÞrTþ2A
r2
T
ry0
2rAð1A rTry0Þ
ð12A rTry0Þ
eP2
 2ry0rArT ð1þ2AÞþ2A
r2
T
ry0
E0ð12A rTry0Þ
r2 ry0 2ry0ð1þ2Að1þ rAry0ÞÞrTþ2A
r2
T
ry0
2ð12A rTry0Þ
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Fig. 3. Bree diagram of the two-bar system.
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Shakedown occurs if the plastic strain stabilizes after transient
phase and the response of the structure becomes purely elastic. In
other words, there is shakedown if the dissipated plastic energy re-
mains bounded. The failure of the structure could happens after a
great number of cycles (several hundreds of thousands even sev-
eral million, for metallic materials): it is the polycyclic fatigue
(Constantinescu et al., 2003).
For the problem under consideration, different modes of shake-
down are possible.
4.2.1. First shakedown mode (SD1)
Shakedown may arise if bar ]1 develops some plastic strains
during the ﬁrst cycle (at the middle of the cycle) and then, if the
loadings rA and rT are not too high, the structure has an elastic
behavior. Thus after the ﬁrst cycle, the plastic strain in bar ]1 re-
mains constant and the bar ]2 evolves elastically.
These conditions are ensured by writing
r1 < ry1 ð20Þ
ðrA  rTÞ 1 2A rTry0
 
6 ry0 1 A rTry0
 
1 2B rT
ry0
 
ð21Þ
and
rT 6
1þ 3Aþ 2B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 10Aþ 9A2 þ 4B 4ABþ 4B2
p
4ðAþ ABÞ ry0 ð22Þ
The set of inequations 20, 21, 23 permit one to draw the ﬁrst shake-
down domain (SD1) in the Bree diagram, cf. Fig. 3.Table 2
Shakedown (SD1).
Middle of a cycle End of a cycle
eP1 2ðry0ð1þAþ2BÞrTþ2Að1þBÞ
r2
T
ry0
þrAð1A rTry0ÞÞ
E0ð1A rTry0Þ
r1 ry0 þ 2BrT
 ry0ð1þAþ2BÞrTþ2Að1þBÞ
r2
T
ry0
ð12A rTry0Þ
eP2 0
r2 12 ðry0 þ 2rA  2BrT Þ
 ry0ð1þAþ2BÞrTþ2Að1þBÞ
r2
T
ry0
þ2rAð12A rTry0Þ
2ð12A rTry0ÞThe limiting states of stresses and plastic strains are reported in
Table 2.
4.2.2. Second shakedown mode (SD2)
Now bar ]2 develops plastic strain during the ﬁrst cycle (middle
of the ﬁrst cycle) and then, the structure has an elastic behavior
during the subsequent cycles.
The ﬁrst condition writes
2ry0 þ ð1þ 2AÞrT  2A r
2
T
ry0
P rA ð23Þ
Table 3 summarizes the stress and plastic strain ﬁeld at the middle
and the end of cycles.
The boundary of this shakedown domain is obtained by setting
that bar ]1 does not reach the yield stress in compression at the
middle of the cycle and in tensile at the end of cycle:
ry0 þ 2BrT 6 2rA ð24Þ

3ry0  ð1þ 4AÞrT þ 2A r
2
T
ry0
1 A rTry0
P 2rA ð25Þ
The second shakedown domain (SD2) is depicted in Bree diagram in
Fig. 3.
4.2.3. Third shakedown mode (SD3)
Bar ]1 develops plastic strain at the end of the ﬁrst cycle when
rAP ry0 while the two bars evolve elastically during the remain-
der of cycle. In Table 4, the limiting states are reported.
In order to obtain the limit of the domain called (SD3) in Fig. 3,
we must write that the stress in bar ]2 is less than the yield limit at
the middle of cycles:

3ry0  ð1þ 4AÞrT þ 2A r
2
T
ry0
1 A rTry0
P 2rA ð26Þ
Notice that this new condition is the same as (25).Table 4
Shakedown (SD3).
Middle of a cycle End of a cycle
eP1 2ðrAry0Þ
E0
r1 ðry0rT Þð12A rTry0Þ
1A rTry0
ry0
eP2 0
r2
2rA 1A rTry0
 
þðrTry0Þ 12A rTry0
 
2 1A rTry0
  12 ð2rA  ry0Þ
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For certain amplitude of mechanical and thermal loads, it may
happen that before reaching the middle of the ﬁrst cycle, some
plastic strain is generated in bar ]2 and then plastic strains cease
developing in bar ]2 during the second part of the cycle. Because
of the stress yield decreasing with the temperature, the bar ]1
develops plastic strain ep1 until the middle of the cycle and, after
that, behaves elastically during the thermal unloading until the
end of the cycle and during all next loads. In this shakedown do-
main referred to us by (SD4) both bars shake down.
Limiting values of stress and plastic strain ﬁelds are given in
Table 5.
The limit of this domain is obtained when bar ]1 reaches the
yield stress at the end of a cycle:
rT 6
1þ 3Aþ 2B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 10Aþ 9A2 þ 4B 4ABþ 4B2
p
4 Aþ ABð Þ ry0 ð27Þ4.3. Alternating plasticity
Alternating plasticity occurs when the response of the structure
converges to hysteresis loop, leading to a stabilized cycle of plastic
strain. In others words, plastic strains evolve during the cycle, but
at the end of the cycle, they reach their initial values. The structure
may fail with a relatively low number of cycles, it is the low-cycle
fatigue or the oligocyclic fatigue. As the energy dissipated by cycle
(or plastic deformation cumulated by cycle) tends towards a con-
stant value, it can be used as indicator of the severity of the dam-
age induced by the cyclic loads (Constantinescu et al., 2003).
4.3.1. First alternating plasticity mode (P1)
Alternating plasticity arises if bar ]1 undergoes some plastic
strains at the middle and the end of the cycle in compression
and traction respectively while bar ]2 is any time in an elastic state.
The limiting values of stresses and plastic strains are given in Table
6.
The amplitude of the limiting plastic strain loop is given by
Dep1 ¼ ep1max  ep1min
¼ 
4ry0  2ð1þ 3Aþ 2BÞrT þ 4Að1þ BÞ r
2
T
ry0
1 2A rTry0
 
E0
ð28Þ
and the mean value readsTable 6
Alternating plasticity (P1).
Middle of a cycle End of a cycle
eP1 e
P
1ðSD1Þ 2ðrAry0Þ
E0
r1 ry0 + 2BrT ry0
eP2 0
r2 12 ðry0 þ 2rA  2BrT Þ 12 ð2rA  ry0Þ
Table 5
Shakedown (SD4).
Middle of a cycle End of a cycle
eP1 2e
P
2 þ eP1 ðSD1Þ
r1 ry0 þ 2BrT
 ry0ð1þAþ2BÞrTþ2Að1þBÞ
r2
T
ry0
12A rTry0
 
eP2 Aðð1þ2BÞry02rAÞð2rAryÞþBð2ð1þBÞrAð1þ4BÞry0Þ
2BE0ðAþB2A rAry0Þ
r2 12 ðry0 þ 2rA  2BrT Þ
 ry0ð1þAþ2BÞrTþ2Að1þBÞ
r2
T
ry0
þ2rAð12A rTry0Þ
2ð12A rTry0Þep1m ¼
1
2
ep1max þ ep1min
 
¼
2rA 1 2A rTry0
 
 ð1 Aþ 2BÞrT þ 2Að1þ BÞ r
2
T
ry0
1 2A rTry0
 
E0
ð29Þ
The domain (P1) is plotted in Fig. 3.4.3.2. Second alternating plasticity mode (P2)
As for the case of the forth shakedown case (SD4), bar ]2 shakes
down after developing some plastic strain ep2 before reaching the
middle of cycles. On the contrary, in bar ]1 plastic strains are devel-
oped at the middle and at the end of the cycles giving rise to hys-
teresis loop. Therefore, bar ]1 and the whole system are in a
reversed plasticity state.
The limiting states are reported in Table 7.
Notice that the only difference with the domain (P1) is that
the bar ]2 has developed some plastic strains during the ﬁrst
cycle.
4.4. Ratcheting (R)
When the load is high enough, stresses in both bars may reach
the yield limits and a constant increment of plastic strain is devel-
oped at every cycle. The structure will collapse by plastic strain
accumulation (incremental collapse).
The stresses and the plastic strain are given in Table 8
where ePinc ¼ 
3ry0  ð1þ 4AÞrT þ 2A r
2
T
ry0
 2rA 1 A rTry0
 
1 2A rTry0
 
E0
It is worth noting that the starting values eP01 and eP02 depend on the
initial load and the previous domain, see Fig. 3. For example, if
rAP ry0 therefore eP01 ¼ eP1 ðSD3Þ and eP02 ¼ 0.
4.5. Collapse
The structure will collapse if r1 > ry1 and r2 > ry2. This can hap-
pen when the temperature is very high. It is found that the ﬁrst
condition is more severe than the second one and consequently
the condition for collapse reads
r1 > ry1 () 2ðrA  ry0Þ > ry0  BrT ð30ÞTable 7
Alternating plasticity (P2).
Middle of a cycle End of a cycle
eP1 e
P
1ðSD1Þ 2ðrAry0Þ
E0
r1 ry0 + 2BrT ry0
eP2 e
P
2 ðSD4Þ
r2 1
2 ðry0 þ 2rA  2BrTÞ 12 ð2rA  ry0Þ
Table 8
Ratcheting.
Middle of a cycle End of a cycle
eP1 eP01 þ 2ðn 1ÞePinc eP01 þ 2nePinc
r1 2(rA  ry0) ry0
eP2 eP02 þ ðn 1ÞePinc
r2 ry0 12 ð2rA  ry0Þ
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Here, we focus our attention on the evolution of the residual
stress and strain ﬁelds. As already mentioned in Section 1, the
residual stresses are given by
qðx; tÞ ¼ rðx; tÞ  rEðx; tÞ
Recall that in the classical case, Melan–Koiter shakedown theorems
ensure that q is time-independent.
For the two-bar truss, closed-form expression of q can be easily
obtained basing upon Eqs. (15), (16)
q1 ¼ 2E0 1þ 11khE0
 1
eP2 
eP1
2
 
q2 ¼ E0 1þ 11khE0
 1
eP2 
eP1
2
 
8>><
>>: ð31Þ
It is obvious from Eq. (8) that even when shakedown occurs (plastic
strains of the two bars are constant), the residual stress ﬁeld varies
with respect to the temperature because of the presence of the tem-
perature h in the analytic expressions of qi, i 2 {1,2}.
Let us now examine the evolution of the elastic residual strain
ﬁeld given by the following relation
geðx; tÞ ¼ Sðx; tÞ : qðx; tÞ
where S is the compliance tensor.
For the problem under consideration, one obtains
ge1 ¼ 22khE0 e
P
2 
eP1
2
 
ge2 ¼ 1þ 11khE0
 1
eP2 
eP1
2
 
8><
>>: ð32Þ
Observe that neither ge1 nor ge2 is time-independent even for
shakedown.
6. Inﬂuence of the initial state
Let us examine the inﬂuence of the initial state on the response
of the structure. We suppose that at time t = 0 there exist non-van-
ishing plastic strains ep1ð0Þ and ep2ð0Þ in bar ]1 and bar ]2 respec-
tively. The correspondent initial residual stress ﬁeld induced in
the mechanical system are given by
q1ð0Þ ¼
E0
2
2ep2ð0Þ  ep1ð0Þ
  ð33Þ
q2ð0Þ ¼ 
E0
4
2ep2ð0Þ  ep1ð0Þ
  ð34Þ
Notice those residual stresses must be plastically admissible:
 r1yð0Þ ¼ r0 6 q1ð0Þ 6 r1yð0Þ ¼ r0 ð35Þ
 ry2 ¼ r0 6 q2ð0Þ 6 ry2 ¼ r0 ð36Þ
The method of solution is the same as the one in the previous
section.Table 9
Elastic response with initial residual stresses.
Middle of a cycle End of a cycle
eP1 e
P
1ð0Þ
r1 ðrArTq1ð0ÞÞð12A
rT
ry0
Þ
1A rTry0
rA  q1(0)
eP2 e
P
2ð0Þ
r2 ðrAþrT2A rTry0
 2
ry0Þ2q2ð0Þð12A
rT
ry0
Þ
22A rTry0
rA
2  q2ð0ÞThe elastic domain is of course modiﬁed and Table 9 resumes
the limiting values of stresses with initial residual stresses.
The elastic zone is deﬁned by the same conditions (17)–(19) but
with the apparition of the initial residual stresses:
ðrA  rT  q1ð0ÞÞ 1 2A
rT
ry0
 
P ry0 1 A rTry0
 
1 2B rT
ry0
 
rA þ rT  2A rTry0
 2
ry0  2q2ð0Þ 1 2A
rT
ry0
 
6 2ry0 1 A rTry0
 
rA  q1ð0Þ 6 ry0
We must notice that for certain values of the residual stresses some
shakedown domains disappear from the Bree diagram. More pre-
cisely, for q1ð0ÞP ry02 , the domain (SD3) does not exist in the dia-
gram, and for q1ð0Þ 6 Að2þBÞþBð1þ2BÞB
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
9A2þð1þ2BÞ22Að5þ2BÞ
p
4Að1þBÞ ry0 then
the domains (SD2) and (SD4) disappear. Furthermore, the presence
of the initial plastic strains does not change the curves’s shapes
which deﬁne the shakedown, ratcheting and alternating plasticity
zones. It only introduces additional constant terms in the limiting
values of stresses and in the plastic strains expressions.
It is important to underline that the residual stresses and resid-
ual strains are again time-dependent when shakedown occurs.7. Numerical study
In this section, numerical results performed by incremental ﬁ-
nite element procedure are presented. Two numerical simula-
tions are carried out over a number of loading cycles by the
software ABAQUS and stored separately: (i) full elastic–plastic
analysis under the thermomechanical path loading and (ii)
purely elastic results under the same loads. The status of the re-
sponse (shakedown or ratcheting or alternating plasticity) is
numerically checked by observing the evolution of the plastic
strain tensor ep(t) in the whole structure and its cumulative va-
lue
R t
0 e
pðsÞds. Besides, the residual stress ﬁeld q(t) is simply
computed at Gauss-points by the relation q(t) = r(t)  rE(t) and
the elastic residual strain ﬁeld is obtained by ge(t) = e(t)  eE(t) 
ep(t).
Each bar is modeled by one truss/bar element T2D2T of uniform
cross-section bounded by two nodes. The geometric and mechani-
cal characteristics of the trusses are given in Table 10.
First, we were interested to reproduce numerically the Bree dia-
gram plotted in Fig. 3. To this end, several computations were car-
ried out in the following manner: one maintains constant the
mechanical load F and increases gradually the amplitude of the
thermal load until the response changes the status. Graphically this
corresponds to run within the Bree diagram in Fig. 3 along a verti-
cal path. It is checked that numerical bounds of different domains
lie exactly on the analytical curves.
Fig. 4 illustrates the time-evolution of the stress plastic strain
ﬁeld ep1 in bar ]1 for shakedown (SD1) (F = 2000N,Ds = 280 C), re-
verse plasticity (P1) (F = 2000N,Ds = 350 C) and ratchetingTable 10
Characteristics of the bars.
Cross-section area S (m2) 1  105
Length of the bar ]1 (cm) 10
E0 (Pa) 2.1  1011
m 0.3
a (C1) 1.17  105
ry0 (MPa) 200
k (MPa) 320
k2 (MPa) 0,2
Fig. 6. Elastic residual strain evolution.
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Fig. 7. Bree diagram of the two-bar system when the elastic modulus are constant.
Fig. 4. Evolution of the plastic strains eP1 in bar ]1.
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the three mentioned classical asymptotic behaviors.
Let us focus our attention now to the zones (SD4) and (P2).
Time-evolution of the plastic strains in the bars for an arbitrary
points in (SD4) domain (F = 2600N,Ds = 310 C) and in P2
(F = 2600N,Ds = 335 C) are reported in Fig. 5. It can be observed
that in (SD2) the plastic strains stabilize in both bars while in do-
main (P2) bar ]1 adapts to the loads and the plastic strain in bar ]2
is cyclic. Observe also that in both cases, plastic strain ep1 is gener-
ated before the middle of the ﬁrst cycle. This scenario was sug-
gested in analytical analysis.
In Fig. 6, we display the time-evolution of the elastic residual
strain ge of bar ]1. It is clear that this ﬁeld evolves cyclically with
the same period as the one of the loads even in the case of shake-
down as it is found analytically.
Finally, it is worth noting that all numerical results presented in
this section are in an excellent agreement with the analytical ones.Fig. 5. Plastic strain evolution: shakedown (SD4) (left) and alternating plasticity (P2) (right).
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Fig. 8. Elastic domains (left) and shakedown zones (right) when the elastic modulus are constant and when they are temperature-dependent.
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Let us compare the Bree diagrams when the elastic properties
are constant (Fig. 7) and when they are temperature-dependent
(Fig. 3). For the last case, two new domains (SD2) and (P2) appear
in the diagram. Further, the elastic and shakedown domains are
bigger when the Young modulus and the yield stress change with
temperature.
It is worth noting that depending on the coefﬁcients A and B loss
of the convexity of the elastic and shakedown domains may by
pronounced as shown in Fig. 8. Recall that the convexity of yield
function is the most important ingredient of the mathematical the-
ory of elastoplasticity. It is our belief that it should be interesting to
revisit the thermodynamic of continuum media with the assump-
tion of temperature-dependence of elastic modulus and examine
the convexity of the elastic domain.
Besides, we found that the residual stresses are time-dependent
when shakedown occurs. The explication of this fact is rather sim-
ple. In fact it is well known that the residual stresses are solution of
the following problem
div q ¼ 0 in X
er ¼ gradS ur ¼ S : qþ ep in X
q  n ¼ 0 on CT
ur ¼ 0 on Cu
8>><
>>:
Thus, q is the solution of an elastic problem with initial strains
equal to ep. Therefore, q is linear with respect to ep. Following Zarka
et al. (1990), one may write symbolically
q ¼ Z0 : ep ð37Þ
where the linear operator Z0 introduced by Zarka et al., is symmet-
ric, non-positive and generally singular. Furthermore, in our case, Z0
is temperature-dependent and thus time-dependent. Consequently
q is time-dependent even if ep is constant (shakedown).
For the elastic residual strains, one does not dispose of theoret-
ical arguments to conﬁrm if ge is constant or not when shakedown
occurs. However, inspiring from the classical case and Eq. (9), Hal-
phen has proposed a conjecture mentioned in Section 1 that says a
sufﬁcient condition for shakedown is that ge is time-independent.
Nevertheless, it is found analytically and numerically that this
statement is not fulﬁlled and ge is periodic.
9. Conclusion
This paper attempts to give insight into the asymptotic re-
sponse of solids subjected to cyclic thermomechanical loadings
when the elastic properties vary with temperature. An academic
but instructive example of a two-bar truss has been studied analyt-ically and numerically. We have shown that the structure con-
verges always to a periodic state (shakedown, alternating
plasticity or ratcheting). Compared to the classical case, the Bree
diagram is considerably modiﬁed: (i) the elastic and shakedown
domains are bigger and (ii) new elastic and plastic shakedown ap-
pear (SD2 and P2) when elastic properties vary with the tempera-
ture. Further, loss of convexity of the elastic and shakedown
domains may arise. The most important result is that the residual
stress and strain ﬁeld are time-dependent and are periodic with
the same period as of the thermal load when shakedown occurs.
It is also observed that for this simple structure, analytical and
numerical results are in an excellent agreement.
This paper is our ﬁrst contribution in the study of materials
with temperature-elastic modulus under cyclic thermomechanical
loadings. It is felt that further research to focus attention on the
question of shakedown are necessary. In connection with theoret-
ical solutions of the differential inclusion (9) one would expect to
be able to extend Melan–Koiter theorems for this class of material
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